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TEKS
AR.3A Compare and 

��������ȱ���ȱ��¢ȱ�Ĵ�������ǰȱ
���������ȱ������ǰȱ�����ǰȱ
��¡���ǰȱ������ǰȱ���ȱ
����������ǰȱ��ȱ�ȱ���ȱ��ȱ����-
�����ȱ����ȱ��ȱ�ȱ���ȱ���-

������ȱ��ȱ�ȱ������ǰȱ�ȱ���-
������ǰȱ���ȱ��ȱ�¡���������ȱ
��������ȱ��ȱ�ȱ���ȱ���������ȱ
��ȱ��ȱ��������ȱ�����ǰȱ�ȱ���-
������ǰȱ���ȱ�ȱ������ȱ����ȱ
��������ȱ��������¢ǰȱ������-
����¢ǰȱ���ȱ�¢���������¢ǯ

AR.7A Represent 

������ȱ���ȱ�����ȱ��ȱ�ȱ
��������ȱ�����ȱ��������ȱ
��������ǰȱ������������ǰȱ���ȱ
���ȱǻ�������Ǽȱ��������ǯ

MATHEMATICAL 
PROCESS SPOTLIGHT
AR.1D �����������ȱ
������������ȱ�����ǰȱ���-
������ǰȱ���ȱ�����ȱ�����-
�������ȱ�����ȱ��������ȱ
���������������ǰȱ���������ȱ
�¢�����ǰȱ��������ǰȱ������ǰȱ
���ȱ��������ȱ��ȱ��������-
���ǯ

ELPS
1F ���ȱ����������ȱ
��������ȱ���ȱ�����ȱ�� ȱ
���ȱ���������ȱ��������ȱ��ȱ
���ȱ�������ǯ

VOCABULARY
��������ȱ�����ǰȱ�����������ǰȱ
��Ě������ǰȱ��������ǰȱ�����ǰȱ
yȬ���������ǰȱxȬ���������ǰȱ
������ǰȱ�����ǰȱ��¡����ǰȱ
�������

MATERIALS
• ��������ȱ����������

DIFFERENTIATING INSTRUCTION
�������ȱ��������ȱ����ȱ����ȱ�¡���ȱ����������ȱ ���ȱ�ȱ������ȱ����ȱ������ȱ�ěȱ��ȱ��������ȱ
��ȱ¢����ȱ ���ȱŖȱ��ȱ���ȱ������ǯȱ���ȱ��������ȱ��ȱ���������ȱ���ȱ¢����ȱ��ȱ��������ȱ�����ȱ���ȱ
������ȱ����ǯ
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FOCUSING QUESTION How are the graphs of absolute value functions simi-

lar to graphs of linear functions or quadratic functions?

LEARNING OUTCOMES
�Q �ȱ���ȱ�������ȱ���ȱ��������ȱ���ȱ��¢ȱ�Ĵȱ�������ȱ��ȱ��ȱ��������ȱ�����ȱ��������ȱ ���ȱ
���¢������ȱ���������ȱ ���ȱ�ȱ����ȱ���ȱ��������ȱ��ȱ�ȱ�����ǰȱ�����ǰȱ��ȱ ��Ĵȱ��ȱ
symbolically.

�Q I can represent the domain and range of an absolute value function in a variety 

of ways, including interval notation, inequalities, and set builder notation.

�Q I can use multiple representations, including symbols, graphs, tables, and lan-

guage to communicate mathematical ideas.

 2.4Transforming and Analyzing 
Absolute Value Functions

ENGAGE
The Gregorian calendar, introduced 

by Pope Gregory XIII in 1582, is used 

in most countries to indicate the year. 

There is no year 0, and years are indi-

cated as BCE (Before the Common Era) 

��ȱ��ȱǻ������ȱ���Ǽǯȱ���ȱ�����ȱ��ȱ ����ȱ��ěȱ�����ȱ�������ȱ�¡�����ȱ���ȱ��� �ȱ���� ǯ

�Q Roman Empire, 31 BCE to 295 CE

�Q Han Dynasty (China), 206 BCE to 220 CE

�Q Hopewell Culture (North America), 200 BCE to 500 CE

�Q Kingdom of Ghana, 750 CE to 1078 CE

List the empires in order of shortest duration to longest duration.

Roman Empire, Kingdom of Ghana, Han Dynasty (China), Hopewell 
Culture (North America)

Kolomoki Mounds, Georgia

EXPLORE

Noah and his family were traveling to visit family. Along their jour-

��¢ǰȱ����ȱ��� ȱ ���¢ȱ ����ȱ�����ȱ �������ȱ ��������ǰȱ��¡��ǯȱ����ȱ
made a table of the time and the distance they were from the main 

�¡��ȱ���ȱ��������ǯȱ
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1. Ǌ¡ȱƽȱŜǰȱ ����ȱ��ȱ��������ȱ
for every consecutive pair 
of x-values.

 ���ȱę���ȱ����ȱ��ě�������ȱ
��ȱ¢Ȭ������ȱ���ȱƺŝȱ���ȱ���ȱ
��¡�ȱ����ȱ��ě�������ȱ��ȱ
y-values are +7.

2. None of these functions 
would model the data set 
�������¢ǯȱ���ȱę���ȱ���-
ferences are constant in 
� �ȱ����ǰȱƺŝȱ���ȱƸŝǯȱ���ȱ
������ȱ��ě�������ȱ���ȱ
�����ȱ��ě�������ȱ���ȱ���ȱ
constant. Successive ratios 
are not constant.

3. The data appear to be 
V-shaped. There is a 
constant rate of change of 
ƺ 7–

6 until (24, 0), when the 
constant rate of change 
becomes + 7–6. It appears 
as though two lines that 
intersect at (24, 0) will 
model the data.

4.

 

 f(x) = – 7–6 x + 28

 f(x) = 7–6 x – 28
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TIME, x 
(MINUTES)

DISTANCE, 
y (MILES)

0 28

6 21

12 14

18 7

24 0

30 7

36 14

42 21

48 28

1. ���������ȱ���ȱę���ȱ��ě�������ȱ��ȱ���ȱ�����ǯȱ����ȱ��ȱ¢��ȱ������ȱ�����ȱ���ȱę���ȱ
��ě�������ǵ
See margin.

2. ����ȱ���ȱ����ȱ���ȱ������ȱ��ȱ��ȱ�������ȱ�¢ȱ�ȱ������ǰȱ���������ǰȱ�����ǰȱ��ȱ�¡��-

nential function? How do you know?

See margin.

3. Make a graph of the data. Describe the shape of the graph, including rates of 

������ȱ���ȱ��¢ȱ������ȱ����ȱ�ě���ȱ���ȱ�����ȱ��ȱ���ȱ�����ǯ
See margin.

4. ���ȱ���ȱ�����ȱ���ȱ�����ȱ��ȱ������ȱ���ȱ����ȱ���ȱ����ȱ� �ȱ��ě�����ȱ�����ȱ����ȱ�����ȱ
����ȱ��ȱ�������ȱ ���ȱ�ȱ��ě�����ȱ��������ǯȱ�����ȱ���ȱ���������ȱ���ȱ�����ȱ����ȱ
over your data set.

See margin.

5. For your set of functions, identify the domain for which your function models 

the data.

+TW�K]��"�ü 7—
6x + 28, the domain is [0, 24] and for f(x) = 7—6]�ü�����YMJ�ITRFNS�

is [24, 48].
6. ������ȱ���ȱƺŗȱ����ȱ���ȱ�����ȱ��ȱ���ȱ������ȱ��������ȱ¢��ȱ ����ǯȱ

How does the new function rule compare to the function rule 

¢��ȱ ����ȱ���ȱ���ȱę���ȱ��������ǵ
f(x) = 7—6]�å����"�üü 7—

6]��������\MNHM�NX�YMJ�XFRJ�FX�YMJ�ąWXY�
KZSHYNTS�\NYM�F�"�ü��

7. ����ȱ��������������ȱ����ȱaȱƽȱƺŗȱ���������ǵ
F�"�ü��WJUWJXJSYX�F�WJĆJHYNTS�FHWTXX�YMJ�]�F]NX�

8. ����ȱ��ȱ���ȱ����� ���ȱ�����ȱ��ȱ�������ȱ����ȱ��ȱ������ǱȱȩŜȩȱ
���ȱȩƺŜȩǰȱȩƺśǯŘȩȱ���ȱȩśǯŘȩǰȱ���ȱȩřxȩȱ���ȱȩƺřxȩǵ
*FHM�UFNW�HTSYFNSX�Y\T�JVZN[FQJSY�SZRGJWX��a�a�"�aü�a�"����
aü���a�"�a���a�"������FSI�a�]a�"�aü�]�a�"��a]a�

Nicholas Henderson, Junction, Texas, City Limits, Flickr

The absolute 

value of a 

number, x, is 

represented by 

the notation 

ȩxȩǯȱ��������ȱ
value represents 

the distance 

between the 

number, x, and 

0 on a number 

line.

TIME, x 
(MINUTES)

DISTANCE, 
y (MILES)

0 28

6 21

12 14

18 �

24 0

30 �

36 14

42 21

48 28

TIME, x 
(MINUTES)

DISTANCE, 
y (MILES)

0 28

6 21

12 14

18 �

24 0

30 �

36 14

42 21

48 28

ù^�"����å����"�ü�

ù^�"����å����"�ü�

ù^�"���å����"�ü�

ù^�"���å���"�ü�

ù^�"���å���"���

ù^�"����å���"���

ù^�"����å����"���

ù^�"����å����"���

ù^�"����å����"�ü�

ù^�"����å����"�ü�

ù^�"���å����"�ü�

ù^�"���å���"�ü�

ù^�"���å���"���

ù^�"����å���"���

ù^�"����å����"���

ù^�"����å����"���
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11. In the function 
f(x) = 7–6|x – 24|, a = 7–6 and 
c = 24. This function is 
the parent function dilated 
vertically by a factor of = 7–6 
and translated horizontal-
ly 24 units to the right.

15. Yes. |a| > 1 generates a 
vertical dilation (stretch), 
when 0 < |a| < 1 gen-
erates a vertical dilation 
(compression), and when 
a < 0 generates a vertical 
��Ě������ȱ������ȱ���ȱ¡Ȭ�¡��ǯȱ
These are the same trans-
formations generated by a 
in other function types.

16. Yes. |b| > 1 generates 
a horizontal dilation 
(stretch) by a factor of  1—|b|, 
when 0 < |b| < 1 gener-
ates a horizontal dilation 
(compression) by a factor 
of  1—|b|, and when b < 0 
generates a horizontal 
��Ě������ȱ������ȱ���ȱ¢Ȭ�¡��ǯȱ
These are the same trans-
formations generated by b 
in other function types.

17. Yes. c > 0 generates a 
horizontal translation |c–

b| 
units to the right and  
c < 0 generates a horizon-
tal translation |c–

b| units 
to the left. These are the 
same transformations 
generated by c in other 
function types.

18. Yes. d > 0 generates a 
vertical translation |d| 
units up and d < 0 gener-
ates a vertical translation 
|d| units down. These are 
the same transformations 
generated by d in other 
function types.

SUPPORTING ENGLISH 
LANGUAGE LEARNERS
��������ȱ����ȱ����ȱ���ȱ
����ȱ��������ȱ�����ȱ��ȱ���-

���ȱ������ǯȱ���¢ȱ����ȱ����ȱ
 �����ȱ��ȱ������ȱ������ȱ
���ȱ�������ȱŗȱ�¡��������¢ȱ
 ���ȱ������ȱ���������ǯȱ��ȱ
����ȱ������ǰȱ���ȱ����������ȱ
�����ȱ��������ȱ�����ǰȱ���-

���ǰȱ��������ǰȱ������ǰȱ���ȱ
�����ȱ����ȱ��������ȱ���ȱ
��������ȱ��ȱ�����ȱ�� ȱ���ȱ
���������ȱ��������ȱ��������ȱ
��ȱ��������ȱ�����ȱ���������ǯȱ
������ȱ�����ȱ�����������ȱ
�¡������ȱ��������ȱ��������ȱ
 ��ȱ���ȱ��������ȱ���ȱ��-

�����ȱ��������ǯ
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9. How could you write your set of functions as one function?

K]��"�aü 7—
6x + 28|

10. Rewrite your function in the form f(x) = aȩx – cȩȱ�¢ȱ���������ȱ���ȱ�ȱ��������ȱ���ȱ
then taking its absolute value to generate the value of a.

K]��"�aü 7—
6 (x – 24)|  =  7—6|x – 24|

11. The absolute value parent function, f(xǼȱƽȱȩxȩǰȱ���ȱ
the graph shown.

Use transformations of a, b, c, and dȱ ��ȱ �¡�����ȱ
how your function from the previous question is 

related to the absolute value parent function. 

See margin.

12. ����ȱ���ȱ���ȱ������ȱ���ȱ�����ȱ��ȱ���ȱ��������ȱ
that models the data that Noah collected?

The domain is all real numbers, {x | x א }, and 
the range is all real numbers greater than 0, 
`^�a�^�ă��b�

13. ����ȱ���ȱ���ȱ����������ȱ��ȱ���ȱ��������ȱ����ȱ������ȱ���ȱ
data that Noah collected?

9MJ�^�NSYJWHJUY�NX��������FSI�YMJ�]�NSYJWHJUY�NX�
(24, 0).

14. ����ȱ��ȱ���ȱ��¡����ȱ��ȱ�������ȱ�����ȱ��ȱ���ȱ��������ȱ
that models the data that Noah collected?

The minimum value is the point (24, 0).

15. Graph the functions yȱƽȱȩxȩǰȱyȱƽȱŘȩxȩǰȱyȱƽȱŚȩxȩǰȱyȱƽȱŖǯśȩxȩǰȱ
and yȱƽȱƺŖǯśȩxȩȱ��ȱ���ȱ����ȱ������ȱ��ȱ¢���ȱ��������ȱ
����������ǯȱ����ȱ���ȱ���������ȱ�ȱ�ěȱ���ȱ���ȱ��������ȱ�����ȱ
������ȱ��������ȱ��������¢ȱ��ȱ�����ȱ���������ǵȱ�¡�����ȱ
how you know.

See margin.

16. Graph the functions yȱƽȱȩxȩǰȱyȱƽȱȩřxȩǰȱyȱƽȱȩŚxȩǰȱyȱƽȱȩŖǯśxȩǰȱ���ȱyȱƽȱȩƺŖǯśxȩȱ��ȱ���ȱ
same screen of your graphing calculator. Does the parameter bȱ�ěȱ���ȱ���ȱ����Ȭ
����ȱ�����ȱ������ȱ��������ȱ��������¢ȱ��ȱ�����ȱ���������ǵȱ�¡�����ȱ�� ȱ¢��ȱ��� ǯ
See margin.

17. Graph the functions yȱƽȱȩxȩǰȱyȱƽȱȩxȱȮȱřȩǰȱyȱƽȱȩxȱȮȱśȩǰȱyȱƽȱȩxȱƸȱŘȩǰȱ���ȱyȱƽȱȩxȱƸȱŜȩȱ��ȱ
the same screen of your graphing calculator. Does the parameter cȱ�ěȱ���ȱ���ȱ��Ȭ
������ȱ�����ȱ������ȱ��������ȱ��������¢ȱ��ȱ�����ȱ���������ǵȱ�¡�����ȱ�� ȱ¢��ȱ��� ǯ
See margin.

18. Graph the functions yȱƽȱȩxȩǰȱyȱƽȱȩxȩȱƸȱřǰȱyȱƽȱȩxȩȱƸȱśǰȱyȱƽȱȩxȩȱƺȱŚǰȱ���ȱyȱƽȱȩxȩȱƺȱřȱ��ȱ
the same screen of your graphing calculator. Does the parameter dȱ�ěȱ���ȱ���ȱ��Ȭ
������ȱ�����ȱ������ȱ��������ȱ��������¢ȱ��ȱ�����ȱ���������ǵȱ�¡�����ȱ�� ȱ¢��ȱ��� ǯ
See margin.

The point of the V in the 

graph of an absolute 

value function is called 

the vertex. As in a qua-

dratic function, the ver-

��¡ȱ��ȱ���ȱ�����ȱ ����ȱ
the rate of change of the 

function changes from 

decreasing to increasing 

if the graph is concave 

up or from increasing to 

decreasing if the graph 

is concave down.



188 C H A P T E R  2 :  A N A LY Z I N G  F U N C T I O N S

REFLECT ANSWERS:

The domain for all absolute 
value functions is all real num-
bers, so a parameter change 
����ȱ���ȱ�ě���ȱ���ȱ������ǯȱ���ȱ
�����ȱ��ȱ�ě�����ȱ�¢ȱ�ǰȱ ����ȱ
vertically shifts the vertex of 
the absolute value graph, which 
is the maximum or minimum 
value of the absolute value 
��������ȱ���ȱ�ǰȱ ����ȱ��Ě����ȱ
the function over the x-axis.

The x-coordinate of the vertex is 
�ě�����ȱ�¢ȱ���ȱ����������ȱ�ȱ���ȱ
�ǰȱ ����ȱ��Ě�����ȱ����£�����ȱ
dilations and horizontal trans-
lations. The y-coordinate of the 
�����¡ȱ��ȱ�ě�����ȱ�¢ȱ���ȱ�����-
����ȱ�ǰȱ ����ȱ��Ě������ȱ��������ȱ
translations. The parameter a 
����ȱ���ȱ�ě���ȱ���ȱ¢Ȭ���������ȱ
because vertical dilations are 
performed with respect to the 
line y = d and since the vertex 
lies on this line, its coordinates 
will not change when a changes.

���ȱ¢Ȭ���������ȱ��ȱ�ě�����ȱ�¢ȱ
the parameters a, c, and d. The 
����������ȱ�ȱ���ȱ�ȱ��Ě�����ȱ
horizontal and vertical trans-
lations that move the vertex 
of the graph. The parameter a 
��Ě������ȱ��������ȱ���������ȱ���ȱ
��Ě�������ȱ ����ȱ�������ǰȱ���-
�����ǰȱ��ȱ��Ě���ȱ���ȱ¢Ȭ���������ǯȱ
���ȱ���������ȱ�ȱ����ȱ���ȱ�ě���ȱ
the y-intercept because horizon-
tal dilations are performed with 
respect to the y-axis, which has 
a value of x = 0.
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REFLECT

�Q Which parameters affect the domain and range of an absolute value 
function? Why do you think that is the case?

See margin.
�Q <MNHM�UFWFRJYJWX�\TZQI�FKKJHY�YMJ�[JWYJ]�TK�FS�FGXTQZYJ�[FQZJ�KZSH�

tion? Why do you think that is the case?
See margin.

�Q Which parameters affect the y�NSYJWHJUY�TK�FS�FGXTQZYJ�[FQZJ�KZSHYNTS$�
Why do you think that is the case?

See margin.

EXPLAIN

An absolute value function is a relationship between an independent 

variable, usually x, and a dependent variable, usually y or f(x), that gen-

erates a graph in the shape of a V. Absolute value functions of the form 

y = aȩbx – cȩȱƸȱdȱ����ȱ� �ȱ������ȱ��������ȱ���������ȱ��ȱ���ȱ�����¡ȱ��ȱ���ȱ
�ȱ����ȱ���ȱ��Ěȱ�������ȱ��ȱ����ȱ�����ǯ

Applying transformations to the absolute value parent function 

generates the full family of absolute value functions. Transforma-

tions are applied using parameters that are multiplied or added to 

the independent variable in the functional relationship.

CHANGES IN a
The parameter aȱ��Ěȱ������ȱ���ȱ��������ȱ��������ȱ��ȱ���ȱ�����ǯȱ

�Q ��ȱȩaȩȱǁȱŗǰȱ����ȱ���ȱ�����ȱ������ȱǻy-coordinates) of the original function are multi-

�����ȱ�¢ȱ�ȱ������ȱ��ȱȩaȩȱ��ȱ�����ȱ��ȱ���������¢ȱ�������ȱ���ȱ�����ǯȱ
�Q ��ȱŖȱǀȱȩaȩȱǀȱŗǰȱ����ȱ���ȱ�����ȱ������ȱǻy-coordinates) of the original function are 

����������ȱ�¢ȱ�ȱ������ȱ��ȱȩaȩȱ��ȱ�����ȱ��ȱ���������¢ȱ��������ȱ���ȱ�����ǯ
�Q If aȱǀȱŖǰȱ����ȱ���ȱ�����ȱ ���ȱ��ȱ��Ěȱ�����ȱ������ȱ���ȱxȬ�¡��ǯ

Watch Explain and
You Try It Videos

or click herex f(x)

-9 9

-6 6

-3 5

0 0

3 5

6 6

9 9

f(x)ȱƽȱȩx|

For an absolute 

value function, the 

general form is 

f(x) = aȩbx – cȩȱƸȱd, 
where a, b, c, and d 
are real numbers.

INSTRUCTIONAL HINT

���ȱ��������ȱ��������ȱ�����ȱ�������ȱ������£���ȱ����ȱ��������ȱŘǯŗȬŘǯřǯ

http://cosenzaassociates.com/video/2-4
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QUESTIONING 
STRATEGY
����ȱ������ǰȱ���������ǰȱ���ȱ
�����ȱ���������ǰȱ���ȱ��Ě�-

����ȱ��ȱbȱ��ȱ���ȱ���������ȱ��ȱ
�� �¢�ȱ ��Ĵ��ȱ��  

1
—
|b|ǯȱ Why 

��ȱbȱ���ȱ�� �¢�ȱ ��Ĵ��ȱ��ȱ
���ȱ��������ȱ�����ȱ ���ȱ
��������ȱ�����ȱ���������ǵȱ
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CHANGES IN b
The parameter bȱ��Ěȱ������ȱ���ȱ����£�����ȱ�������ȱ��ȱ�����������ȱ��ȱ���ȱ�����ǯȱ

�Q ��ȱȩb|ȱǁȱŗǰȱ����ȱ���ȱ������ȱ������ȱǻx-coordinates) of the original function are 

multiplied by a factor of 
1
—ȩbȩ, which will be a multiplier that is less than 1, in order 

��ȱ����£������¢ȱ��������ȱ���ȱ�����ǯȱ

�Q ��ȱŖȱǀȱȩbȩȱǀȱŗǰȱ����ȱ���ȱ������ȱ������ȱǻx-coordinates) of the original function are 

multiplied by a factor of  
1
—ȩbȩ, which will be a multiplier that is greater than 1, in 

�����ȱ��ȱ����£������¢ȱ�������ȱ���ȱ�����ǯ

The parameter bȱ����ȱ�ěȱ����ȱ���ȱ�����������ȱ��ȱ���ȱ�����ǯȱ��ȱb < 0, then all of the x-val-

���ȱ ���ȱ������ȱ�����ȱ���ȱ���ȱ�����ȱ ���ȱ��ȱ��Ěȱ�����ȱ������ȱ���ȱyȬ�¡��ǯȱ

x f(x) = |x| f(x) = 2|x| f(x) = 0.5|x| f(x) = -2|x|

-4 4 8 2 -8

-2 2 4 1 -4

0 0 0 0 0

2 2 4 1 -4

4 4 8 2 -8

× 2 × 0.5 × (-1)

Domain (x) values are 

multiplied by 
1
–
2 in order 

to generate the same 

range (y) value. This 

multiplication results in 

�ȱ����£�����ȱ�����������ȱ
of the graph.

Domain (x) values are 

multiplied by 2 in order to 

generate the same range 

(y) value. This multiplica-

����ȱ�������ȱ��ȱ�ȱ����£�����ȱ
stretch of the graph.

x f(x) = |0.5x|

-8 4

-4 2

0 0

4 2

8 4

x f(x) = |2x|

-2 4

-1 2

0 0

1 2

2 4

x f(x) = |x|

-4 4

-2 2

0 0

2 2

4 4

x f(x) = x

-4 4

-2 2

0 0

2 2

4 4 8
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CHANGES IN c
The parameter cȱ��Ěȱ������ȱ���ȱ����£�����ȱ�����������ȱ��ȱ���ȱ�����ǯȱ������ȱ����ȱ��ȱ���ȱ
general form, f(x) = aȩbx – cȩȱƸȱd, the sign in front of c is negative. That means that 

when reading the value of c from 

the equation, you should read the 

opposite sign from what is giv-

��ȱ ��ȱ ���ȱ ��������ǯȱ ���ȱ �¡�����ǰȱ
f(xǼȱ ƽȱ ȩřxȱ Ȯȱ ŝȩȱ Ƹȱ ŗȱ ���ȱ c = 7 and 

f(xǼȱƽȱȩřxȱƸȱŝȩȱƸȱŗȱ���ȱcȱƽȱƺŝǯ

�Q If cȱǁȱŖǰȱ����ȱ���ȱ�����ȱ ���ȱ
���������ȱȩc–bȩȱ�����ȱ��ȱ���ȱ�����ǯȱ

�Q If c < 0, then the graph will 

���������ȱȩc–bȩȱ�����ȱ��ȱ���ȱ����ǯȱ

Domain (x) values are multiplied by 

ƺŗǰȱ ����ȱ�������ȱ ���ȱ����ȱ���ȱ���ȱ ���ȱ
magnitude of each x-value. This change 

�������ȱ ��ȱ �ȱ ����£�����ȱ ��Ěȱ������ȱ ��ȱ ���ȱ
graph across the yȬ�¡��ǯ

x f(x) = |-2x – 6|

-1 4

-2 2

-3 0

-4 2

-5 4

x f(x) = |2x – 6|

1 4

2 2

3 0

4 2

5 4

x f(x) = |x + 3|

-7 4

-5 2

-3 0

-1 2

1 4

x f(x) = |x – 5|

1 4

3 2

5 0

7 2

9 4

x f(x) = |x|

-4 4

-2 2

0 0

2 2

4 4

x f(x) = |x|

-4 4

-2 2

0 0

2 2

4 49

Domain (x) values are increased by 5 

in order to generate the same range 

(y) value. This addition results in a 

����£�����ȱ�����������ȱ��ȱ���ȱ�����ȱ
to the right.

Domain (x) values are decreased by 3 in 

order to generate the same range (y) value. 

This subtraction (addition with a negative 

������Ǽȱ�������ȱ��ȱ�ȱ����£�����ȱ�����������ȱ��ȱ
the graph to the left.
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CHANGES IN d
The parameter dȱ��Ěȱ������ȱ���ȱ����£�����ȱ�����������ȱ��ȱ���ȱ�����ǯ

�Q If dȱǁȱŖǰȱ����ȱ���ȱ�����ȱ ���ȱ���������ȱȩdȩȱ�����ȱ��ǯȱ
�Q If dȱǀȱŖǰȱ����ȱ���ȱ�����ȱ ���ȱ���������ȱȩdȩȱ�����ȱ�� �ǯȱ

����ȱ��ȱ�����ȱ����������ȱ����ȱ���ȱ��ȱ�ěȱ���ȱ��ȱ��¢ȱ�Ĵȱ�������ȱ��ȱ�ȱ���������ȱ��������ǯ

VERTEX
The vertexȱ��ȱ���ȱ��������ȱ�����ȱ�����ȱ��ȱ�ȱ��¡����ȱ��ȱ���Ȭ
imum value. If the graph opens upward, then the y-coordi-

����ȱ��ȱ���ȱ�����¡ȱ��ȱ���ȱ�������ȱ�����ȱ���ȱ���ȱ��������ǯȱ��ȱ
the graph opens downward, then the y-coordinate of the ver-

��¡ȱ��ȱ���ȱ��¡����ȱ�����ȱ���ȱ���ȱ��������ǯȱ

��ȱ ���ȱ�ȱ���������ȱ��������ǰȱ�����ȱ����������ȱ��Ěȱ�����ȱ���ȱ
��������ȱ��ȱ���ȱ�����¡Ǳȱb, c, and d. The coordinates of the ver-

��¡ȱ��ȱ��ȱ��������ȱ�����ȱ�����ȱ���ȱ��ȱ�����ȱ�����ȱ���ȱ����ȱ
formulas as a quadratic function.

�����¡Ǳȱ(
c
–b, d)

DOMAIN AND RANGE
All real numbers have an absolute value, so there are no do-

main restrictions on absolute value functions. The domain is 

always all real numbers, or {xȱȩȱx א }.

The range of an absolute value function, however, does have 

restrictions. Taking the absolute value of a number generates 

a positive number. As with quadratic functions, the absolute 

value action always generates a positive number. 

���ȱ���������ȱ�ěȱ������ȱ���ȱ�����ȱ��ȱd. If the graph opens up-

ward, then the value of d sets the yȬ����������ȱ��ȱ���ȱ�����¡ȱ��ȱ
a minimum value, and the range is yȱǃȱd.

x f(x) = |x| f(x) = |x|  – 6 f(x) = |x|  + 3

-4 4 -2 7

-2 2 -4 5

0 0 -6 3

2 2 -4 5

4 4 -2 7

–6 +3

5DQJH��\���G
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ADDITIONAL EXAMPLES
������ȱ�����ȱ��������ȱ�¢ȱ
�������¢���ȱ ������ȱ���ȱ
����� ���ȱ������ȱ���������ȱ�ȱ
������ǰȱ���������ǰȱ��ȱ����-

����ȱ�����ȱ��������ǯ

1. 

Quadratic

2.  

Absolute Value

3. 

Linear

x y
-3 -15

-2 -10

-1 0

0 15

1 35

2 60

3 90

x y
-3 ��

-2 -10

-1 -13

0 -16

1 -13

2 -10

3 ��

x y
-3 22.5

-2 24

-1 25.5

0 ��

1 28.5

2 30

3 31.5
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If the graph opens downward, then the value of d sets the yȬ����������ȱ��ȱ���ȱ�����¡ȱ��ȱ
�ȱ��¡����ȱ�����ǰȱ���ȱ���ȱ�����ȱ��ȱyȱǂȱd.

y�.39*7(*59
The y-intercept of any function is the point (0, y), or the point where the 

graph intersects the yȬ�¡��ǯȱ ���ȱ ��ȱ ��������ȱ �����ȱ ��������ǰȱ ¢��ȱ ���ȱ ���-
culate the y-intercept by substituting x = 0 into the general form,  

y = aȩbx – cȩȱƸȱd.

 y = aȩb(0) – cȩȱƸȱd
 y = aȩŖȱȮȱcȩȱƸȱd
 y = aȩƺcȩȱƸȱd
 y = aȩcȩȱƸȱd

The parameters a, c, and dȱ����ȱ��Ě�����ȱ���ȱy-intercept of an absolute value function. 

The parameter d vertically shifts the entire graph, including the y-intercept, and the 

parameter cȱ����£������¢ȱ������ȱ���ȱ������ȱ�����ǰȱ���������ȱ���ȱy-intercept. The param-

eter aȱ���������¢ȱ�������ȱ���Ȧ��ȱ��Ě����ȱ���ȱ������ȱ�����ǰȱ���������ȱ���ȱy-intercept. Each 

��ȱ�����ȱ���������������ȱ�ě����ȱ ����ȱ���ȱ�����ȱ����������ȱ���ȱyȬ�¡��ǯȱ

KEY ATTRIBUTES OF ABSOLUTE VALUE FUNCTIONS

An absolute value function has several important key attributes:
�Q The domain of an absolute value function is all real numbers.

�Q The range of an absolute value function is {y | y�ă�d} for a > 0 and 
{y | y�Ă�d} for a < 0.

�Q The vertex of an absolute value function is (c–b , d). If a > 0 the 
y-coordinate of the vertex is a minimum value. If a < 0, the 
y-coordinate of the vertex is a maximum value.

�Q An absolute value function has as many as two x-intercepts that 
are the same as the zeros of the function. The x-intercepts are 
located at                

.

 

�Q An absolute value function has one y-intercept at (0, a|c| + d).

c ±  
d

—a , 0
   b( )

EXAMPLE 1

����ȱ���������������ȱ��ȱ���ȱ��������ȱ�����ȱ������ȱ��������ǰȱf(xǼȱƽȱȩxȩǰȱ ���ȱ������ȱ��ȱ
the graph of the absolute value function g(x) = –

1
–
2
ȩŘxȱƸȱŗȩȱȮȱřǵ

 STEP 1 Rewrite the equation of g(x) in general form to determine the 
values of the parameters a, b, c and d.
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YOU TRY IT! #1 ANSWER:

The graph of y = 3|1–
2 x – 5| is produced by transforming the absolute value parent function by verti-

cally stretching its graph by a factor of three, horizontally stretching its graph by a factor of two, and 
translating its graph ten units to the right.

ADDITIONAL EXAMPLES

What transformations of 
the absolute value parent 
function, f(x) = |x|, will 
result in the graphs of the 
absolute value functions 
below?

1. h(x) = -10|x – 4| + 12

The graph of h(x) is produced 
by transforming the absolute 
value parent function f(x) by 
vertically stretching its graph 
�¢ȱ�ȱ������ȱ��ȱ���ǰȱ��Ě������ȱ
its graph across the x-axis, 
and translating its graph four 
units to the right and twelve 
units up.

2. v(x) = 1–3|-4x – 5 | – 3

The graph of v(x) is produced 
by transforming the absolute 
value parent function f(x) 
by vertically compressing its 
graph by a factor of one third, 
horizontally compressing its 
graph by a factor of one fourth, 
��Ě������ȱ���ȱ�����ȱ������ȱ���ȱ
y-axis, and translating its 
�����ȱ����ȱę��ȱ�������ȱ�����ȱ���ȱ
down three units.

QUESTIONING 

STRATEGY

Why did ADDITIONAL 

EXAMPLE #2 translate 
left instead of right when 
the value of c was greater 
than 1?
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g(x) = – 1–2ȩŘxȱƸȱŗȩȱȮȱř

g(x) = – 1–2ȩŘxȱȮȱǻȮŗǼȩȱƸȱǻȮřǼ

Therefore, a = – 1–2, b = 2, c = –1, and d = –3.

 STEP 2 Use the values of the parameters to describe the transformations 
of the absolute value parent function f(x) that are necessary to 
produce g(x).

a = – 1–2ǰȱ��ȱŖȱǀȱȩaȩȱǀȱŗǯȱȱ���ȱ�����ȱ������ȱǻy-coordinates) of the absolute 
value parent function are multiplied by a factor of 1–2 in order to vertical-
ly compress the graph of the line.  Additionally, since a is negative, the 
�����ȱ��ȱ��Ě�����ȱ������ȱ���ȱxȬ�¡��ǯ

bȱƽȱŘǰȱ��ȱȩbȩȱǁȱŗǯȱȱ���ȱ������ȱ������ȱǻx-coordinates) of the original func-
tion are multiplied by a factor of 1–2ȱ��ȱ�����ȱ��ȱ����£������¢ȱ��������ȱ���ȱ
graph.

c = –1, so c < 0.  The graph of the quadratic parent function will translate 
ȩ-1–2ȩȱƽȱ

1–2 unit to the left. 

d = –3, so d < 0.  The graph of the quadratic parent function will translate 
ȩȮřȩȱƽȱřȱ�����ȱ�� �ǯ

The graph of g(x) is produced by transforming the absolute value parent function f(x) 
by vertically compressing its graph by a factor of one half, horizontally compressing 
���ȱ�����ȱ�¢ȱ�ȱ������ȱ��ȱ���ȱ����ǰȱ��Ě������ȱ���ȱ�����ȱ����ȱ���ȱ¡Ȭ�¡��ǰȱ���ȱ�����������ȱ
its graph one half of a unit to the left and three units down.

YOU TRY IT! #1

����ȱ���������������ȱ��ȱ���ȱ��������ȱ�����ȱ������ȱ��������ǰȱyȱƽȱȩxȩǰȱ ���ȱ������ȱ��ȱ���ȱ
graph of the absolute value function yȱƽȱřȩ1–2xȱȮȱśȩǵ

See margin.
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ADDITIONAL EXAMPLES
�������¢ȱ���ȱ��¢ȱ�Ĵ�������ȱ
��ȱ���ȱ���������ȱ���� ȱ
���������ȱ������ǰȱ�����ǰȱ
�����¡ǰȱxȬ���������ǻ�Ǽǰȱ���ȱ
yȬ���������ǯȱ�����ȱ���ȱ��-

����ȱ���ȱ�����ȱ��ȱ���������ȱ
���ȱ��ȱ���ȱ�������ȱ��������ǯȱ
���������ȱ ������ȱ���ȱ
�����¡ȱ��ȱ�ȱ��¡����ȱ��ȱ
�ȱ�������ȱ�����ȱ��ȱ���ȱ
��������ǯ

1. y = -
3
–
2
ȩŚxȱȮȱŗŜȱȩȱƸȱŚ

The domain is (-λ, λ) or  
{x | א� }. The range is (-λ, 4] 
��ȱǿ¢ȩ¢ȱǂȱŚȀǯȱ���ȱ�����¡ȱ��ȱ���ȱ
V-shaped graph is (4, 4), and it 
is the maximum function value. 
This absolute value function 
has x-intercepts at (3.33, 0) and 
(4.67, 0). The y-intercept is  
(0, -20).

2. y = |-8xȱƸȱŚǯŘśȩ

The domain is (-λ, λ) or  
{x |  א� }.ȱȱ���ȱ�����ȱ��ȱǽŖǰȱǈǼȱ
��ȱǿ¢ȩ¢ȱǃȱŖȀǯȱ���ȱ�����¡ȱ��ȱ���ȱ
V-shaped graph is (-0.53, 0), 
and it is the minimum func-
tion value. This absolute value 
function has one x-intercept at 
(-0.53, 0). The y-intercept is  
(0, 4.25).

3. yȱƽȱŚȩȬ1–
2
xȱƸȱřȩȱȮȱŘǯśȱ

The domain is (-λ, λ) or  
{x | א� }.  The range is  
[-2.5, λǼȱ��ȱǿ¢ȩ¢ȱǃȱȬŘǯśȀǯȱ���ȱ
vertex of the V-shaped graph is 
(-6, -2.5), and it is the mini-
mum function value. This abso-
lute value function has x-inter-
cepts at (7.25, 0) and (4.75, 0). 
The y-intercept is (0, 9.5). 194 C H A P T E R  2 :  A N A LY Z I N G  F U N C T I O N S

EXAMPLE 2

�������¢ȱ ���ȱ ��¢ȱ �Ĵȱ�������ȱ ��ȱ
y = 

5
–
4
ȩxȱ Ƹȱ Řȩȱ Ȯȱ ŗǰȱ ���������ȱ ������ǰȱ

�����ǰȱ �����¡ǰȱx-intercept(s), and y-in-

�������ǯȱ ȱ�����ȱ ���ȱ������ȱ ���ȱ �����ȱ
as intervals and in set builder nota-

����ǯȱ���������ȱ ������ȱ ���ȱ�����¡ȱ ��ȱ
�ȱ��¡����ȱ��ȱ�ȱ�������ȱ�����ȱ��ȱ���ȱ
function.

 STEP 1 Determine the 
domain and range of 

y = 
5—
4|x + 2| – 1.

From the graph, the domain contains all real values of x. As an interval, 

����ȱ ��ȱ ��Ĵȱ��ȱ��ȱ ǻȮȱλ, λ).  The same information about the domain 

 ��Ĵȱ��ȱ��ȱ���ȱ�������ȱ��������ȱ��ȱǿxȱȩȱx א }.

Using the equation, the value of a indicates that the V-shaped graph of 

���ȱ��������ȱ�����ȱ�� ���ǯȱ����ȱ��ȱ���ęȱ����ȱ�¢ȱ���ȱ��������ȱ�����ǯȱȱ
���ȱ���¢ȱ�����ȱ���������ȱ����ȱ�ěȱ����ȱ���ȱ�����ȱ��ȱ���ȱ��������ȱ��������ȱ
is d. Since d = –1, the range of this absolute function contains all real 

values of y that are greater than or equal to negative one. As an interval, 

����ȱ��ȱ ��Ĵȱ��ȱ��ȱǽȮŗǰȱλǼǯȱȱ���ȱ����ȱ�����������ȱ�����ȱ���ȱ�����ȱ ��Ĵȱ��ȱ
in set builder notation is {yȱȩȱyȱǃȱȮŗȀǯ

 STEP 2 Determine the vertex of the V-shaped graph of the absolute 
value function.

���ȱ�����¡ȱ��ȱ��ȱ��������ȱ�����ȱ ��������ȱ ��Ĵȱ��ȱ ��ȱ ���ȱ�������ȱ ����ȱ

y = aȩbx – cȩȱƸȱd is (c
—b , d). 

c
—b  = 

-2
—
1 = –2 and d = –1.

���ȱ�����¡ȱ��ȱ���ȱ��������ȱ�����ȱ��������ȱ��ȱǻȮŘǰȱȮŗǼǯȱ�����ȱ���ȱ�����ȱ��ȱ
aȱ��ȱ��������ǰȱ���ȱ�����¡ȱ��ȱ�ȱ�������ǯȱ����ȱ��ȱ���ęȱ����ȱ�¢ȱ���ȱ�����ǯ
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 STEP 3 Determine the x-intercept(s) of the absolute value function  
y = 

5—
4|x + 2| – 1.

��ȱ���¢ȱ�¡���ǰȱ���ȱx-intercepts are located at               .

           =          = –2 ± -
4
–
5

– 2 + -
4
–
5
 = -

14
—
5
  = –2.8 

– 2 – -
4
–
5
 = – 2 + 

4
–
5
  = –1.2 

The x-intercepts of the absolute value graph are (–2.8, 0) and (–1.2, 0).  

���ȱ�����ȱ���ę���ȱ����ȱ�����ȱ���ȱ�Ȭ������ȱ�����ȱ����������ȱ���ȱxȬ�¡��ȱ
between –3 and –2 as well as between –2 and –1.

 STEP 4 Determine the y-intercept of y = 
5—
4 |x + 2| – 1.

y-intercepts of functions occur where the domain or input value x = 0.

y = 
5
–
4
ȩxȱƸȱŘȩȱȮȱŗ

y = 
5
–
4
ȩŖȱƸȱŘȩȱȮȱŗȱƽȱ5–

4
ȩŘȩȱȮȱŗȱƽȱȱ5–

4
(2) – 1 = 

10
—
4
 – 1 = 

6
–
4
 = 1.5.

The yȬ���������ȱ��ȱ���ȱ���������ȱ��������ȱ��ȱǻŖǰȱŗǯśǼǯȱȱ���ȱ�����ȱ���ę���ȱ
this since the line intersects the yȬ�¡��ȱ��ȱ�ȱ�����ȱ��� ���ȱǻŖǰȱŗǼȱ���ȱǻŖǰȱ
2). 

The domain of y = 
5
–
4
|x + 2| – 1 is (– λ, λ) or {x | x א }.  The range is [–1, λ) which 

��¢ȱ����ȱ��ȱ ��Ĵ��ȱ��ȱǿ¢ȱȩȱ¢ȱǃȱȮŗȀǯȱ���ȱ�����¡ȱ��ȱ���ȱ�Ȭ������ȱ�����ȱ��ȱǻȮŘǰȱȮŗǼǰȱ���ȱ
��ȱ��ȱ���ȱ�������ȱ��������ȱ�����ǯȱ����ȱ��������ȱ�����ȱ��������ȱ���ȱ¡Ȭ����������ȱ��ȱ 
ǻȮŘǯŞǰȱŖǼȱ���ȱǻȮŗǯŘǰȱŖǼǯȱȱ���ȱ¢Ȭ���������ȱ��ȱ¢ȱƽȱ5–

4
|x + 2| – 1 is (0, 1.5).  

-2 ±
-4
—
5

-2 ±
 -1

5
–
4

1 1

YOU TRY IT! #2

�������¢ȱ���ȱ��¢ȱ�Ĵ�������ȱ��ȱf(xǼȱƽȱȮȩŚxȩȱȮȱŘǰȱ���������ȱ���ȱ������ǰȱ�����ǰȱ�����¡ǰȱx-in-

tercept(s), and yȬ����������ǯȱ�����ȱ���ȱ������ȱ���ȱ�����ȱ��ȱf(x) as inequalities and in 

���ȱ�������ȱ��������ǯȱ���������ȱ ������ȱ���ȱ�����¡ȱ��ȱ�ȱ��¡����ȱ��ȱ�������ȱ�����ǯ

c ±  
d–a , 0

     b( )
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YOU TRY IT! #2 ANSWER:
The domain of f(x) is  
– λ < x < λ, which can also 
��ȱ ��Ĵ��ȱ��ȱǿ¡ȱȩȱ¡ȱא� }. The 
range of f(x) is – λȱǀȱ�ǻ¡ǼȱǂȱȮŘȱȱ
��ȱǿ�ǻ¡Ǽȱȩȱ�ǻ¡ǼȱǂȱȮŘȀǯȱ���ȱ�����¡ȱ
of the V-shaped graph is (0, –2), 
and it is a maximum function 
value. The function has no 
x-intercepts since its range does 
not include zero. The y-inter-
cept is (0, –2), the same as the 
vertex of the graph.
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x f(x)

–3 –14

–2 –10

–1 –6

0 –2

1 –6

2 –10

3 –14

See margin.

EXAMPLE 3
Identify and compare the x- and y-intercept(s) of f(x) = –2(x + 3), g(x) = –2(x + 3)2, and 

h(xǼȱƽȱȮŘȩxȱƸȱřȩǯ

 STEP 1 Determine the x-intercept(s) of f(x).  

Since f(x) is a linear function, f(x) has one x-intercept at (
ac – d

ab   , 0).

ac – d
 = 

(-2)(-3) – 0

 = 
6
 = –3

   
ab

          

(-2)(1)

         

-2

The x-intercept of f(x) is (–3, 0).

 STEP 2 Determine the x-intercept(s) of g(x).  
  

Since g(x) is a quadratic function, the x-intercepts are located  

at                 .

            =                =              =           = –3 

The x-intercept of g(x) is (–3, 0).

 

c ±ȱǆ
-d—a , 0

     b( )

c ±ȱǆ
-d—a 

     b
-3 ±ȱǆ 0

     1

-3 ± 0

    1

-3 ±ȱǆ
-0
—
-2

     1
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ADDITIONAL EXAMPLES
�������¢ȱ���ȱ�������ȱ���ȱ
x- and yȬ����������ȱ��ȱ���ȱ
���������ȱ���� ǯ

1. 

f(xǼȱƽȱřȩȬŘ¡ȱƸȱŗȩȱȮȱŗŘ
g(xǼȱƽȱřǻȬŘ¡ȱƸȱŗǼȱȮȱŗŘ
h(xǼƽȱřǻȬŘ¡ȱƸȱŗǼ2 – 12

The x-intercepts of f(x) are  
(5–

2, 0) and (-3–
2, 0). The y-inter-

cept is (0, -9).

The x-intercept of g(x) is  
(-3–

2, 0). They y-intercept is  
(0, -9).

The x-intercepts for h(x) are  
(-1–

2, 0) and (3–
2, 0). The y-inter-

cept is (0, -9).

2. 

f(xǼȱƽȱȬ1–ś|10xȱȬȱśȩȱƸȱŘŖ

g(xǼȱƽȱȬ1
–
ś(10xȱȬȱśǼȱƸȱŘŖ

h(xǼȱƽȱȬ1–ś(10xȱȬȱśǼ2ȱƸȱŘŖ

The x-intercepts of f(x) are  
(-19—

2, 0) and (21—
2 , 0). The y-inter-

cept is (0, 19).

The x-intercept of g(x) is (21—
2, 0). 

They y-intercept is (0, 21).

The x-intercepts for h(x) are  
(3–

2, 0) and (1–
2, 0). The y-intercept 

is (0, 15).
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 STEP 3 Determine the x-intercept(s) of h(x).

��ȱ���¢ȱ�¡���ǰȱ���ȱx-intercepts are located at               .

           =           = –3

The x-intercept of the h(x) is (–3, 0).

 STEP 4 Compare the x-intercepts of f(x), g(x) and h(x).

Since f(x) is a linear function, it has only one x-intercept. The quadratic 

function g(x) also has only one x-intercept. The absolute value function 

h(x) has just one x-intercept. All three functions have the same x-inter-

cept, (–3, 0). This is due to the parameter c having the same value and 

the parameter dȱ�����ȱ£���ȱ���ȱ���ȱ�����ȱ���������ǯ

 STEP 5 Determine the y-intercepts of f(x), g(x) and h(x).

y-intercepts of functions occur where the domain or input value x = 0.

f(x) = –2(x + 3)

f(0) = –2(0 + 3) = –2(3) = –6

The y-intercept of f(x) is (0, –6).

g(x) = –2(x + 3)2

g(0) = –2(0 + 3)2 = –2(3)2 = –2(9) = –18

The y-intercept of g(x) is (0, –18).

h(xǼȱƽȱȮŘȩxȱƸȱřȩ

hǻŖǼȱƽȱȮŘȩŖȱƸȱřȩȱƽȱȮŘȩřȩȱƽȱȮŘǻřǼȱƽȱȮŜ

The y-intercept of h(x) is (0, –6).

 STEP 6 Compare the y-intercepts of f(x), g(x) and h(x).

The y-intercepts of the linear function f(x) and the absolute value func-

tion h(x) are the same, (0, –6). The y-intercept of the quadratic function 

g(xǼȱ��ȱǻŖǰȱȮŗŞǼǯȱ���ȱ��ě������ȱ��ȱ���ȱy-intercept of the quadratic func-

tion is due to the squaring that is involved in quadratic functions that 

����ȱ���ȱ�¡���ȱ��ȱ������ȱ������ȱ��ȱ��������ȱ�����ȱ���������ǯ

-3 ± 0

    1

-3 ±  
0
–
-2

     1

c ± 
d –a , 0

   b( )
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YOU TRY IT! #3 ANSWER:
The y-intercept of f(x) is  
(0, –11.5). The y-intercept of 
g(x) is (0, 3.5). The y-intercept 
of h(x) is (0, –1.5). Even though 
the parameters a, c, and d are 
the same for all three functions, 
none of the y-intercepts are the 
same. If the value of c had been 
negative, then the y-intercepts 
of g(x) and h(x) would have 
been the same. It is important 
��ȱ����ȱ����ȱ���ȱ��ě�������ȱ��ȱ
the y-intercepts are not due 
to the parameter b, which was 
eliminated each time because 
it was multiplied by zero to 
determine the y-intercept.
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�����ȱ �ǻ¡Ǽȱ ��ȱ�ȱ ������ȱ ��������ǰȱ ��ȱ���ȱ���¢ȱ���ȱ¡Ȭ���������ǯȱ ȱ���ȱ���������ȱ ��������ȱ
�ǻ¡Ǽȱ����ȱ���ȱ���¢ȱ���ȱ¡Ȭ���������ȱ�����ȱ���ȱ�����¡ȱ��ȱ��ȱ���ȱ¡Ȭ�¡��ȱ������ȱ����ȱ�����ȱ
��ȱ���� ȱ��ǯȱȱ���ȱ��������ȱ�����ȱ��������ȱ�ǻ¡Ǽȱ���ȱ����ȱ���ȱ¡Ȭ���������ȱ�����ȱ���ȱ�����¡ȱ
��ȱ����ȱ��ȱ���ȱ¡Ȭ�¡��ȱ������ȱ����ȱ�����ȱ��ȱ���� ȱ��ǯȱ���ȱ�����ȱ���������ȱ����ȱ���ȱ����ȱ
¡Ȭ���������ǰȱǻȮřǰȱŖǼǯȱȱ����ȱ��ȱ���ȱ��ȱ���ȱ���������ȱ�ȱ������ȱ���ȱ����ȱ�����ȱ���ȱ���ȱ��Ȭ
rameter d being zero for all three functions.

���ȱ¢Ȭ����������ȱ��ȱ���ȱ������ȱ��������ȱ�ǻ¡Ǽȱ���ȱ���ȱ��������ȱ�����ȱ��������ȱ�ǻ¡Ǽȱ���ȱ���ȱ
����ǰȱǻŖǰȱȮŜǼǯȱȱ���ȱ¢Ȭ���������ȱ��ȱ���ȱ���������ȱ��������ȱ�ǻ¡Ǽȱ��ȱǻŖǰȱȮŗŞǼǯȱȱ���ȱ��ě������ȱ
��ȱ���ȱ¢Ȭ���������ȱ��ȱ���ȱ���������ȱ��������ȱ��ȱ���ȱ��ȱ���ȱ��������ȱ����ȱ��ȱ��������ȱ��ȱ
���������ȱ���������ȱ����ȱ����ȱ���ȱ�¡���ȱ��ȱ������ȱ������ȱ��ȱ��������ȱ�����ȱ���������ǯ

YOU TRY IT! #3

Identify and compare the y-intercept(s) of f(x) = –
1
–
2
(3x – 5)2 + 1, g(x) = –

1
–
2
(3x – 5) + 1, and 

h(x) = –
1
–
2
ȩřxȱȮȱśȩȱƸȱŗǯ

See margin.

EXAMPLE 4
Identify and compare the domains and ranges of f(x) = (2x – 7)2 + 3, g(x) = (2x – 7) + 3, 

and h(xǼȱƽȱȩŘxȱȮȱŝȩȱƸȱřǯȱȱ�����ȱ���ȱ������ȱ���ȱ�����ȱ��ȱ����ȱ��������ȱ��ȱ������������ǰȱ
as intervals, and in set builder notation.

 STEP 1 Determine the domain and range of f(x).

Since f(x) is a quadratic function, the domain contains all real values 

of xǯȱȱ��ȱ��ȱ��������ǰȱ����ȱ��ȱ ��Ĵ��ȱ��ȱǻȮȱλ, λ).  The same information 

�����ȱ���ȱ������ȱ ��Ĵ��ȱ��ȱ���ȱ�������ȱ��������ȱ��ȱǿxȱȩȱx א Ȁǯȱȱ���Ĵ��ȱ
as an inequality, – λ < x < λ.  

Using the equation, the value of a indicates that the parabola opens up-

 ���ǯȱ���ȱ���¢ȱ�����ȱ���������ȱ ����ȱ �ě����ȱ ���ȱ �����ȱ��ȱ �ȱ���������ȱ
function is d. Since d = 3, the range of this quadratic function contains all 

real values of f(x) that are greater than or equal to three. As an interval, 

����ȱ��ȱ ��Ĵ��ȱ��ȱǽřǰȱλǼǯȱ���ȱ����ȱ�����������ȱ�����ȱ���ȱ�����ȱ ��Ĵ��ȱ
in set builder notation is {f(xǼȱȩȱf(x) ǃȱřȀǯȱȱ��ȱ��ȱ���������¢ǰȱ����ȱ��ȱ ��Ĵ��ȱ
řȱǂȱf(x) < λ.    
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ADDITIONAL EXAMPLE
�������¢ȱ���ȱ�������ȱ���ȱ
�������ȱ���ȱ������ȱ��ȱ���ȱ
���������ȱ���� ǯȱ�����ȱ���ȱ
������ȱ���ȱ�����ȱ��ȱ����ȱ
��������ȱ��ȱ������������ǰȱ��ȱ
���������ǰȱ���ȱ��ȱ���ȱ�������ȱ
��������ǯ

f(xǼȱƽȱ1–
2
ǻȬŚxȱƸȱŗŜǼȱȮȱś

g(xǼȱƽȱ1–
2
ǻȬŚxȱƸȱŗŜǼ2ȱȮȱś

h(xǼȱƽȱ1–
2
ȩȬŚx ƸȱŗŜȩȱȮȱś

The domains of all of these 
functions contain all real 
numbers. 

• ���������¢ǱȱȬλ < x < λ
• ��������ǱȱǻȬλ, λ)
• ���ȱ�������Ǳȱǿx | x א� }

The range of f(x) contains all 
real numbers.

• ���������¢ǱȱȬλ < x < λ
• ��������ǱȱǻȬλ, λ)
• ���ȱ�������Ǳȱ{x | x א� }

The ranges of g(x) and h(x) do 
not contain all real numbers 
but are restricted to only those 
real numbers greater than or 
�����ȱ��ȱȬśǯ

• ���������¢Ǳȱ 
Ȭśȱǂȱ�ǻ¡Ǽȱǀȱλ

• ��������ǱȱǽȬśǰȱλ)
• ���ȱ�������Ǳȱ 

ǿ�ǻ¡Ǽȩ�ǻ¡ǼȱǃȱȬśȀ
• ���������¢Ǳȱ 

Ȭśȱǂȱ�ǻ¡Ǽȱǀȱλ
• ��������ǱȱǽȬśǰȱλ)
• ���ȱ�������Ǳȱ 

ǿ�ǻ¡Ǽȩ�ǻ¡ǼȱǃȱȬśȀ

       2 . 4  •  T R A N S F O R m I N G  A N d  A N A LY Z I N G  A b S O L U T E  VA L U E  F U N C T I O N S  199

 STEP 2 Determine the domain and range of g(x).

Since g(x) is a linear function, its domain contains all real values of x.  

��ȱ��ȱ��������ǰȱ����ȱ��ȱ ��Ĵ��ȱ��ȱǻȮȱλ, λ).  The same information about 

���ȱ������ȱ ��Ĵ��ȱ��ȱ���ȱ�������ȱ��������ȱ��ȱǿxȱȩȱx א Ȁǯȱ���Ĵ��ȱ��ȱ��ȱ
inequality, – λ < x < λ.  

Since g(x) is a linear function, its range contains all real values of g(x).  

��ȱ��ȱ��������ǰȱ����ȱ��ȱ ��Ĵ��ȱ��ȱǻȮȱλ, λ). The same information about 

���ȱ�����ȱ ��Ĵ��ȱ��ȱ���ȱ�������ȱ��������ȱ��ȱǿg(xǼȱȩȱg(x) א Ȁǯȱ���Ĵ��ȱ��ȱ
an inequality, – λ < g(x) < λ.  

 STEP 3 Determine the domain and range of h(x).

Since h(x) is an absolute value function, the domain contains all real 

values of xǯȱ��ȱ��ȱ��������ǰȱ����ȱ��ȱ ��Ĵ��ȱ��ȱǻȮȱλ, λ). The same infor-

������ȱ�����ȱ���ȱ������ȱ ��Ĵ��ȱ��ȱ���ȱ�������ȱ��������ȱ��ȱǿxȱȩȱx א }. 

���Ĵ��ȱ��ȱ��ȱ���������¢ǰȱȮȱλ < x < λ.  

Using the equation, the value of a, which is positive one, indicates that 

the V-shaped graph opens upward. The only other parameter that af-

fects the range of an absolute value function is d. Since d = 3, the range 

of this absolute value function contains all real values of h(x) that are 

�������ȱ����ȱ��ȱ�����ȱ��ȱ�����ǯȱ��ȱ��ȱ��������ǰȱ����ȱ��ȱ ��Ĵ��ȱ��ȱǽřǰȱλ).  

���ȱ����ȱ�����������ȱ�����ȱ���ȱ�����ȱ ��Ĵ��ȱ��ȱ���ȱ�������ȱ��������ȱ��ȱ
{h(xǼȱȩ h(xǼȱǃȱřȀǯȱ��ȱ��ȱ���������¢ǰȱ����ȱ��ȱ ��Ĵ��ȱřȱǂȱh(x) < λ.    

 STEP 4 Compare the domains and ranges of f(x), g(x) and h(x).

The domains of all three of these functions are the same because both 

f(x) and g(x) are polynomials, one of degree one and the other of degree 

two, and h(x) is an absolute value function. The range of g(x) contains 

all real numbers since g(x) is a linear function. The ranges of the qua-

dratic function f(x) and the absolute value function h(x) do not contain 

all real numbers but are restricted to only those real numbers greater 

than or equal to three.
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YOU TRY IT! #4 ANSWER:
The domains of all three of these functions are the same 
because both f(x) and g(x) are polynomials, one of degree 
one and the other of degree two, and h(x) is an absolute 
value function.  The range of f(x) contains all real num-
bers since f(x) is a linear function.  The ranges of the 
���������ȱ��������ȱ�ǻ¡Ǽȱ���ȱ���ȱ��������ȱ�����ȱ��������ȱ
h(x) do not contain all real numbers but are restricted to 
���¢ȱ�����ȱ����ȱ�������ȱ����ȱ����ȱ��ȱ�����ȱ��ȱ���ȱ�����ȱ��ȱ
their parameters d.  The reason the ranges of g(x) and h(x) 
�������ȱ������ȱ����ȱ����ȱ��ȱ�����ȱ��ȱ��������ȱę��ȱ������ȱ
������ȱ����ȱ�������ȱ��ȱ�����ȱ��ȱ��ȱ����ȱ���ȱ�����ȱ��ȱ�����ȱ
parameters a are negative.

NOTATION f(x) = –3(2x) – 0.5 g(x) = –3(2x)2 – 0.5 h(x) = –3|2x| – 0.5

D
O

M
A

IN

INEQUALITY – λ < x < λ

INTERVAL (– λ, λ)

SET BUILDER {x | x א }

R
A

N
G

E

INEQUALITY –λ Ă f(x) < λ –λ < g(x) Ă –0.5 –λ < h(x) Ă –0.5

INTERVAL (–λ, λ) (–λ, –0.5]  (–λ, –0.5]

SET BUILDER {f(x) | f(x) א } {g(x) | g(x) Ă –0.5} {h(x) | h(x) Ă –0.5}
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NOTATION f(x) = (2x – 7)2 + 3 g(x) = (2x – 7) + 3 h(x) = |2x – 7| + 3

D
O

M
A

IN INEQUALITY – λ < x < λ

INTERVAL (– λ, λ)

SET BUILDER {x | x א }

R
A

N
G

E INEQUALITY řȱǂȱf(xǼȱǂȱλ – λ < g(x) < λ řȱǂȱh(xǼȱǂȱλ

INTERVAL [3, λ) (– λ, λ) [3, λ)

SET BUILDER {f(x) | f(xǼȱǃȱřȀ {g(x) | g(x) א } {h(x) | h(xǼȱǃȱřȀ

The domains of all three of these functions are the same because both f(x) and g(x) are 

polynomials, one of degree one and the other of degree two, and h(x) is an absolute 

value function.  The range of g(x) contains all real numbers since g(x) is a linear funcȬ
����ǯȱȱ���ȱ������ȱ��ȱ���ȱ���������ȱ��������ȱ�ǻ¡Ǽȱ���ȱ���ȱ��������ȱ�����ȱ��������ȱ�ǻ¡Ǽȱ
do not contain all real numbers but are restricted to only those real numbers greater 

����ȱ��ȱ�����ȱ��ȱ���ȱ�����ȱ��ȱ���ȱ���������ȱ�ǯȱȱ���ȱ���������ȱ�ǻ¡Ǽȱ���ȱ�ǻ¡Ǽȱ����ȱ���ȱ
same range because their parameters a have the same sign and d are identical.

YOU TRY IT! #4

Identify and compare the domains and ranges of f(x) = –3(2x) – 0.5, g(x) = –3(2x)2 – 0.5 

and h(xǼȱƽȱȮřȩŘxȩȱȮȱŖǯśǯȱ�����ȱ���ȱ������ȱ���ȱ�����ȱ��ȱ����ȱ��������ȱ��ȱ������������ǰȱ��ȱ
intervals, and in set builder notation.

See margin.

PRACTICE/HOMEWORK
���ȱ���������ȱŗȱȮȱŚǰȱ���ȱę����ȱ��ě�������ȱ��ȱ���������ȱ��ȱ���ȱ����ȱ����ȱ��� �ȱ��ȱ���ȱ������ȱ
���� ȱ���������ȱ������ǰȱ���������ǰȱ��ȱ��������ȱ�����ȱ���������ǯ

    Quadratic                   Absolute Value          Linear                           Absolute Value

1. x y
-3 23

-2 13

-1 7

0 5

1 7

2 13

3 23

4. x y
-3 7

-2 5

-1 3

0 5

1 7

2 9

3 11

3. x y
-3 -1

-2 1

-1 3

0 5

1 7

2 9

3 11

2. x y
-3 11

-2 9

-1 7

0 5

1 7

2 9

3 11
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The graph of the parent function f(xǼȱƽȱȩxȩȱ��ȱ��� �ȱ���� ǯȱȱ

���ȱ���������ȱśȱȮȱŗŘȱ����ȱ��ȱ���ȱ�����ȱ�����ȱ���ȱ���������ȱ���ȱ�������ȱ��������ȱ�����������ȱ
��ȱ���ȱ�����ȱ�����ȱ��ȱ���������������ȱ����ȱ��ȱ���ȱ������ȱ��������ǯ

5. 6.

A. yȱƽȱȩxȱƸȱŘȩȱȱȱ��ȱȱȱB. yȱƽȱȩxȱȮȱŘȩȱ A. yȱƽȱȮȩř¡ȩȱȱȱ��ȱȱȱB. yȱƽȱȩȮř¡ȩ
A       B

7. 8.

A. yȱƽȱȩxȱƸȱŚȩȱƸȱřȱȱȱ��ȱȱȱB. yȱƽȱȩxȱȮȱŚȩȱƸȱřȱ A. y = 
1
–
2
ȩ¡ȱƸȱŗȩȱȮȱśȱȱȱ��ȱȱȱB. yȱƽȱŘȩ¡ȱƸȱŗȩȱȮȱś

B       B
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13. A. y = -x – 4      y = x + 4

 B. f(x) = |x + 4|

 C. f(x) = 1–2|2x + 8|

14. A. y = 2x – 6     y = -2x + 6

 B. f(x) = -|2x – 6|

 C. f(x) = -2(x – 3)
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9. 10.

A. y = 
1
–
3
ȩxȱȮȱřȩȱƸȱŚȱȱȱ��ȱȱȱB. yȱƽȱřȩxȱȮȱřȩȱƸȱŚȱ A. yȱƽȱȩȮŘxȱȮȱŜȩȱƸȱŗȱȱȱ��ȱȱȱB. yȱƽȱȮȩȮŘxȱȮȱŜȩȱƸȱŗ

A       B
11. 12.

A. yȱƽȱřȩŘxȱȮȱŜȩȱȱȱ��ȱȱȱB. yȱƽȱŘȩřxȱȮȱŜȩȱ A. yȱƽȱȮŚȩŘ¡ȱƸȱŚȩȱȮȱŜȱȱȱ��ȱȱȱB. yȱƽȱȮŘȩŚ¡ȱȮȱŞȩȱȮȱŜ
A       A

���ȱ���������ȱŗřȱȮȱŗŚǰȱ���ȱ����ȱ����ȱ��� �ȱ��ȱ���ȱ������ȱ���������ȱ��������ȱ�����ȱ���������ǯ
�ǯȱȱȱ�����ȱ�ȱ����ȱ��ȱ������ȱ���������ȱ����ȱ������ȱ���ȱ����ǯ
�ǯȱȱȱ�����ȱ���ȱ����ȱ��ȱ���������ȱ��ȱ���ȱ��������ȱ�����ȱ��������ǯ
�ǯȱȱȱ�����ȱ���ȱ��������ȱ��������ȱ��ȱ���ȱ����ȱ�ǻ¡Ǽȱƽȱ�ȩ¡ȱȮȱ�ȩ

      See margin.             See margin.

���ȱ���������ȱŗśȱȮȱŗŜǰȱ�������¢ȱ���ȱ�����¡ȱ��ȱ���ȱ�Ȭ������ȱ�����ȱ��ȱ����ȱ��������ȱ�����ȱ��������ǯ

15. yȱƽȱȮŘȩřxȱȮȱŜȩȱƸȱŗȱ 16. y = 
1
–
3
ȩȮŘxȱƸȱŝȩȱȮȱřȱ ȱ

������ � � � � ������������������

13. x y
-7 3

-6 2

-5 1

-4 0

-3 1

-2 2

-1 3

14. x y
0 -6

1 -4

2 -2

3 0

4 -2

5 -4

6 -6
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20. The x-intercepts of all 
three functions are the 
same.  They are all the 
same because c is the same 
value for all 3 functions 
and d = 0 for all 3 func-
tions.

22. �ǯȱ ������Ǳȱ–λ < x < λ 
ȱȱȱ �����Ǳȱ¢ȱǃȱř

 �ǯȱ ������Ǳȱǿ¡ȱȩȱ¡ȱא } 
ȱȱȱ �����Ǳȱǿ¢ȱȩȱ¢ȱǃȱřȀȱ

 �ǯȱ ������Ǳȱǻ–λ, λ) 
ȱȱ �����Ǳȱǽřǰȱλ)

 �ǯȱ ǻȬśǰȱřǼ

 E. minimum value

23. �ǯȱ ������Ǳȱ–λ < x < λ 
ȱȱȱ �����Ǳȱ¢ȱǂȱŗ

 �ǯȱ ������Ǳȱǿ¡ȱȩȱ¡ȱא } 
ȱȱȱ �����Ǳȱǿ¢ȱȩȱ¢ȱǂȱŗȀȱ

 �ǯȱ ������Ǳȱǻ–λ, λ) 
ȱȱ �����Ǳȱǻ–λ, 1]

 �ǯȱ ǻŘǰȱŗǼ

 E. maximum value

24. �ǯȱ ������Ǳȱ–λ < x < λ 
ȱȱȱ �����Ǳȱ¢ȱǃȱȮŗ

 �ǯȱ ������Ǳȱǿ¡ȱȩȱ¡ȱא } 
ȱȱȱ �����Ǳȱǿ¢ȱȩȱ¢ȱǃȱȮŗȀȱ

 �ǯȱ ������Ǳȱǻ–λ, λ) 
ȱȱ �����ǱȱǽȮŗǰȱλ)

 �ǯȱ ǻȮŗǯśǰȱȮŗǼ

 E. minimum value

25. �ǯȱ ������Ǳȱ–λ < x < λ 
ȱȱȱ �����Ǳȱ¢ȱǂȱȮś

 �ǯȱ ������Ǳȱǿ¡ȱȩȱ¡ȱא } 
ȱȱȱ �����Ǳȱǿ¢ȱȩȱ¢ȱǂȱȮśȀȱ

 �ǯȱ ������Ǳȱǻ–λ, λ) 
ȱȱ �����Ǳȱǻ–λ, –5]

 �ǯȱ ǻŚǰȱȮśǼ

 E. maximum value
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���ȱ���������ȱŗŝȱȮȱŗŞǰȱ�������¢ȱ���ȱ¡Ȭ����������ȱ��ȱ����ȱ��������ȱ�����ȱ��������ǯ

17. yȱƽȱřȩŘxȱȮȱŞȩȱȮȱŜȱ ȱ ȱ ȱ 18. y = 
1
–
2
ȩȮxȱƸȱŗȩȱƸȱŚȱ ȱ

(3, 0) and (5, 0)            This graph does not have any   
� � � � � � ���������]�NSYJWHJUYX�

���ȱ���������ȱŗşȱȮȱŘŗǰȱ���ȱ���ȱ���������ȱ��� �ȱ���� ǯ
f(x) = –(x – 2) f(x) = –(x – 2)2 h(xǼȱƽȱȮȩxȱȮȱŘȩ

19. Find the x-intercept(s) of each function.

(2, 0)

20. Compare the x-intercept(s) of the functions and justify your answer.

See margin.

21. How would the x-intercept value(s) change if each function had a value of d = 1?

9MJ���KZSHYNTSX�XYNQQ�MF[J�F�HTRRTS�]�NSYJWHJUY�TK��������GZY�L]��FSI�
M]��FQXT�MF[J�FS�]�NSYJWHJUY�TK�������

���ȱ���������ȱŘŘȱȮȱŘśǰȱ�������¢ȱ���ȱ������ȱ���ȱ�����ȱ��ȱ����ȱ��������ǯȱȱ�����ȱ���ȱ������ȱ���ȱ
�����ȱǻ�Ǽȱ��ȱ������������ǰȱǻ�Ǽȱ��ȱ���ȱ�������ȱ��������ǰȱ���ȱǻ�Ǽȱ��ȱ��������ȱ��������ǯȱȱ����ǰȱǻ�Ǽȱ
�������¢ȱ���ȱ�����¡ȱ��ȱ���ȱ��������ȱ���ȱǻ�Ǽȱ���������ȱ��ȱ���ȱ�����¡ȱ��ȱ�ȱ��¡����ȱ��ȱ�������ȱ
�����ǯ

22.       

       See margin.           

See margin.

25. 

See margin.              

See margin.

23. x y
-1 -17

0 -11

1 -5

2 1

3 -5

4 -11

5 -17

24. x y
-3 2

-2.5 1

-2 0

-1.5 -1

-1 0

-0.5 1

0 2


